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In a recent issue of this Journal, Pu [3] has given an interesting construction of a nonmeasurable subset A of R such that (1) X(Anl) = X(I)
for all intervals / in R. Hence the complement R\B has property (1).
Our second example is somewhat different. Following Sierpinski [4] , we construct a set C of irrational numbers such that if x, y are irrational and x + y is rational, then exactly one of x and y is in C. Well order the set S of irrational numbers in any fashion, by an ordering ^ . Let the first element be in C. Now suppose that for all x < y, we have determined whether or not xeC. If y = -x + r for some x < y, xeC, and rational r, then y is not in C. Otherwise, y is in C. If u, veS and u + veQ, then plainly not both u and v are in C. [2] Nonmeasurable sets 237
Assume that neither u nor v is in C. Then there are a u' < u and a. v' < v such that u' + u and v' + v are in Q, and u', v' are in C. We may suppose that u' ^ v'. Then (u' + i>' ) + u + v is in Q, so that u' + t>' is in g. an evident contradiction. Next consider any rational number r and consider the mapping i r of R onto R denned by r r (x) = 2r -x [reflection in the point r ] . It is clear that x r preserves Lebesgue outer measure: A(r r (-X' )) = X(X) for all X c R. Now consider any interval / = ]r -a, r + a[, for a > 0. It is simple to show that and so X(I dC) = A(/\C) . Accordingly, we have
ow given an arbitrary interval ]x,x + h [, where /i > 0, consider any /J' such that 0 < h' < h and x + $h' is rational. Then ~\x,x+ h'\_ is an interval of the type / , so that we have
We may also write = 2 ft'
Since ft'/ft can be made arbitrarily close to 1, we see that
for all x e R and ft > 0. Exactly the same argument shows that
for all xeR and ft > 0.
Plainly then C is nonmeasurable and
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700019972
(2) WnQ for all intervals / . Finally we note that our first exmaple admits a generalization to any locally compact Hausdorff group G with left Haar measure X that contains a non A-measurable subgroup B. [For example, every nondiscrete Abelian G contains such a subgroup: see [1] , (16.13.C).] Then if £ is a 1-measurable subset of G and X(E) < oo, the equality X(E\B) = X{E) holds.
